Abstract: This paper deals with the problem of active fault tolerant control strategy for nonlinear systems described by Takagi-Sugeno models. The proposed control law uses the estimated fault. The considered systems are affected by sensor faults. A mathematical transformation is used in order to conceive an augmented system in which the sensor faults affecting the initial system appear as unknown inputs. A proportional integral observer with unknown inputs is conceived in order to estimate simultaneously states and sensor faults. The stability of the system with the proposed fault tolerant control strategy is formulated using Lyapunov theory and the observer gains are obtained by solving linear matrices inequalities. To illustrate the proposed method, it is applied to the three columns.
Introduction
Multiple model approach constitutes a tool which is largely used in the modelling of nonlinear systems (Chadli et al., 2008; Murray-Smith and Johansen, 1997; Rhif, 2014) . The principle of this approach is to reduce the system complexity by the decomposition of its operation space into a finished number of operating zone, which is described by a local model. Each local model can be a linear time invariant system valid around an operation point. The local models are then aggregated by means of an interpolation mechanism. The global model is the sum of the local models weighted by activation functions associated to each one (Takagi and Sugeno, 1985) . These weighting functions quantify the relative contribution of each sub-model to the global model according to the current operating point of the system.
The Takagi-Sugeno model is the structure most used in the multiple model approach. It allows representing the behaviour of nonlinear systems by the interpolation of a set of linear sub-models. The relative contribution of each sub-model is quantified with the help of a weighting function.
A physical process is often subject to disturbances, which can result from faults of actuators or sensors which may have harmful effects on the normal behaviour of the process. The disturbances are called unknown inputs when they affect the input of the system.
In the context of Takagi-Sugeno systems, state estimation is based on the design of nonlinear multiple observers using the same nonlinear functions as the Takagi-Sugeno models. Thus, local observers can be designed for each subsystem, obtaining the aggregate controller by the same procedure used to compute the T-S overall fuzzy system. Some studies tried to reconstruct the system state in spite of the unknown input existence. This estimation is assured via the elimination of unknown inputs . Other works choose to estimate simultaneously the unknown inputs and the system state (Jamel et al., , 2015 Khedher et al., 2010; Manaa et al., 2015) . Estimation can be obtained using several kinds of observers, such as a proportional integral observer (Khedher et al., 2009) , and a sliding mode controller (Msaddek et al., 2014) .
In this paper, a proportional integral observer with unknown inputs is used to estimate sensor faults provided they are assumed to be considered as unknown inputs.
In general, faults affecting processes have harmful effects on the normal behaviour of the system. Their estimation is necessary in order to be used to develop a fault tolerant control law able to minimise their effects on the concerned system.
The problem of fault tolerant control strategy has been treated these last years. The existing strategies are distinguished into two classes: passive and active. The first one is called also robust control. In this technique, faults are considered as uncertainties (Blanke et al., 2003; Chen et al., 1998; Liang et al., 2000; Liao et al., 2002; Qu et al., 2003) .
The active fault tolerant control approach consists of adapting the control law using the information issued from the FDI block (Blanke et al., 2003) . This kind of control strategy has been studied essentially for linear systems (Mufeed et al., 2003) and descriptor linear systems (Marx et al., 2004) .
In this paper, an active fault tolerant control law of Takagi-Sugeno systems is proposed. A proportional integral observer with unknown inputs is used to estimate sensor faults assumed to be considered as unknown inputs. These unknown inputs are estimated simultaneously with the states of the system. A mathematical transformation is used to conceive an augmented system in which the sensor fault affecting the initial system appears as an unknown input. Once the fault is estimated, the FTC controller is implemented as a state feedback controller.
Works interested in active fault tolerant controls consider systems affected by actuator faults named also unknown inputs. In this work, we consider a system affected by a sensor fault. The proposed method shows that it is possible to apply an adaptive active fault tolerant control law to a system affected by a sensor fault. The application of this control to the faulty system lets its behaviour similar to the behaviour of a system not affected by faults.
The main contribution in this paper is that we consider a nonlinear system described by Takagi-Sugeno multiple model affected by sensor faults. To estimate the sensor fault, a mathematical transformation is used to transform the considered system to an augmented system where the sensor fault appears as an unknown input. The used fault tolerant control depends on the weighting functions.
The paper is organised as follows. Section 2 presents a short introduction to Takagi-Sugeno systems. Section 3 is devoted to the design of a proportional integral observer with unknown inputs for continuous time Takagi-Sugeno systems affected by sensor faults. The new strategy of the fault tolerant control is proposed in Section 4. In Section 5, the application of the three columns system is given in order to show the performance of the proposed approach.
Takagi-Sugeno fuzzy systems
Consider the following general form of nonlinear systems
where
. f and g are nonlinear functions.
It is known that a good approximation for nonlinear systems is provided by the use of the T-S fuzzy modelling.
The Takagi-Sugeno allows representing the behaviour of the nonlinear system (1) by the interpolation of a set of linear sub-models. The Takagi-Sugeno structure is given by:
A i ∈ R n*n is the state matrix, B i ∈ R n*m is the matrix of input and C i ∈ R p*n is the output matrix of the system. r is the number of local models. The weighting functions μ i (ξ(t)) are nonlinear and depend on the decision variable ξ(t).
The weighting functions are normalised rules defined as:
where ω i (ξ(t)) is the grade of membership of the premise variable ξ(t) and T denotes a t-norm.
The weighting functions verify the convex sum property:
If we impose that
ξ t Ax t Bu t y t Cx t
This model has been largely considered for analysis (Murray-Smith and Johansen, 1997; Takagi and Sugeno, 1985) , modelling (Johansen and Foss, 1992; Zolghadri et al., 1996) , control and diagnosis (Azar, 2014) and state estimation of nonlinear systems (Akhenak et al., 2009; Ichalal et al., 2009; Jamel et al., 2013 , Khedher et al., 2009 ).
Design of proportional integral observer with unknown inputs
In this section, a multiple observer is synthesised for systems affected by sensor faults. A mathematical transformation is used to conceive an augmented system in which sensor faults affecting the initial system appear as actuator faults.
Problem statement
Consider the following nonlinear Takagi-Sugeno model affected by sensor faults
ξ t Ax t Bu t y t Cx t Du t
where x(t) ∈ R n is the state vector, u(t) ∈ R m and y(t) ∈ R p are respectively the system input and the output vector. ( ) u t represents sensor faults. A i , B i , C and D are known constant matrices with appropriate dimensions.
Consider the new state z(t) (Jamel et al., 2015) ( )( 
T T T X t x t z t =
The augmented system can be written as
A proportional integral observer with unknown inputs is used to estimate the augmented state X(t) and the sensor fault ( ). u t The proposed observer takes the following form: 
Z t μ ξ t N Z t Gu t LY t H u t X t Z t MY t u t μ ξ t Y t Y t
where X is the estimated system state, Ŷ is the estimated output and û the estimated sensor faults.
Defining X the state estimation error and f the fault estimation error
The dynamics of X is given by ( )
If the following conditions are fulfilled:
The state estimation error (11) is reduced to
The dynamics of the fault estimation error is
( 1 4 ) where ( ) u t is assumed that is null. The equations (13) and (14) can be written in the following form
The estimation error (15) converges asymptotically towards zero if the matrices 0
Method of resolution
Four steps are needed to determine the matrices of the multiple observers (9).
1 Using the expression (12e), we have
The matrix I 1 is an identity matrix with appropriate dimension.
Then, we obtain 
Theorem 1: The proportional integral observer with unknown inputs (9) is determined if there exists a symmetric positive definite matrix X and matrices i i W XK = such that the following LMI are checked
The gains of the observer are determined via the resolution of
The observer matrices N i and L i are then obtained by (12a) and (12d).
Simulation example
Consider the nonlinear system described by the Takagi-Sugeno model given by the equation (5) 
The sensor fault is defined as follows: 
Active fault tolerant control design
The objective of this part is to conceive a sensor fault tolerant for nonlinear systems represented by Takagi-Sugeno models. Let us consider the Takagi-Sugeno reference model without faults given by (5).
A nonlinear Takagi-Sugeno model affected by sensor fault is described by
ξ t Ax t Bu t y t Cx t Du t
where x f (t) ∈ R n is the faulty state vector, u f (t) ∈ R m is the fault tolerant control which will be conceived, y f (t) ∈ R p is the output vector.
The aim is to design the control law u f (t) such that the system state x f converges towards the reference state x.
Let us define the following states (Jamel et al., 2015) ( ) 
These two augmented state vectors can be expressed as 
X t μ ξ t A X t B u t Y t C X t
= ⎧ = + ⎪ ⎨ ⎪ = ⎩ ∑ ( 2 3 ) and ( )( ) 1 ( ) ( ) ( ) ( ) ( ) ( ) ( ) r f i ai f ai f ai i f a f
X t μ ξ t A X t B u t D u t Y t C X t
Let us consider the proportional integral observer with unknown inputs that estimates simultaneously the state and the sensor faults of the system: 
X t X t X t X t X t X t u t u t u t
Choosing E ai = B ai , the dynamics of ( ) X t is given by
The dynamics of ( ) f X t is governed by the following differential equation
( 2 9 ) with , and .
, ,
The dynamics of ( ) u t is given by:
The equations (28), (29) and (30) can be rewritten
are determined by solving the LMIs given by the following theorem (2).
Theorem 2: The system (31) describing the evolution of the errors ( ), ( ) f X t X t and ( ) u t is stable if there exist symmetric and positive definite matrices P 1 and P 2 so that the following LMIs are verified, for i ∈ {1, …, r}.
The gains of the observer are computed from 1 2
The gains of the observer (25) are obtained using the Lyapunov theory. Let us choose the following Lyapunov function
P is a symmetric positive definite matrix that has a block diagonal form P = diag(P 1 , P 2 ). The errors converge to zero if ( ) 0, i.e., 0
The matrices A mi and B mi can be rewritten as
ψ converges toward zero if there exist matrices P 1 and P 2 such that the following inequalities are satisfied
Using the change of variables
The observer gains are derived from 1 2
Application to the three tanks system
In this section, we show the simulation results from a three tanks system (Akhenak et al., 2003) . We have added the benchmark system to validate the proposed method.
The chosen system is a hydraulic process composed of three columns (Akhenak et al., 2003) . The process is affected by a sensor fault ( ).
u t The three columns T 1 , T 2 and T 3 have equal section A and are connected to each other by identical cross-section connectors Sn. The considered output is that of the column T 2 ; it ensures to empty the columns filled by pumps 1 and 2 with respective flows Q 1 (t) and Q 2 (t). Some combinations of three levels are measured. The connexions between columns are assured by certain valves which are tuned manually to activate or not the corresponding pump. The three levels x 1 , x 2 and x 3 satisfy x 1 > x 2 > x 3 (Figure 3 ). The nonlinear model describing the process behaviour is given by Zolghadri et al. (1996) .
( ) The multiple models associated to the nonlinear system (37) is 
The sensor fault that is supposed affecting the system is defined by The proposed observer provides the state and fault estimation which errors are shown in Figure 5 and fault estimation in Figure 6 . The state errors between the state of the system and those of the reference model are given in Figure 4 . From this figure, one notes that the system trajectory follows the reference trajectory even in the presence of sensor fault. The fault estimation is used to conceive the control law that is given in Figure 7 .
Thus, the proposed fault tolerant control law compensates the sensor fault considered as unknown inputs and allows normal operation of the system even if a fault occurs. 
Remark
The fault tolerant control law given by (26) depends on the state and fault estimation errors. Since the used observer gives a good estimation which is proved in Figures 5 and 6 , the proposed fault tolerant control law governs the behaviour of the faulty system similar to the system without fault. The performance of the proposed proportional integral observer can be improved using a pole placement technique.
Concluding remarks and future work
In this paper, the problem of sensor fault tolerant control strategy for nonlinear Takagi-Sugeno systems is studied. The proposed approach is based on the estimation of the faults affecting the system. In order to consider sensor faults as unknown inputs, a mathematical transformation was used. To estimate sensor faults, a proportional integral observer with unknown inputs is used. The stability is studied by Lyapunov theory and LMI constraints are provided to design the gains matrices.
Future work will be interested to develop fault tolerant control law in the case of actuator and sensor faults for systems described by Takagi-Sugeno models with weighting functions depending on the control law that will be designed.
